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The constitutive relations and ﬁeld equations for anisotropic generalized thermoelastic dif-
fusion are derived and deduced for a particular type of anisotropy, i.e. transverse isotropy.
Green and Lindsay (GL) theory, in which, thermodiffusion and thermodiffusion–mechani-
cal relaxations are governed by four different time constants, is selected for study. The
propagation of plane harmonic thermoelastic diffusive waves in a homogeneous, trans-
versely isotropic, elastic plate of ﬁnite width is studied, in the context of generalized theory
of thermoelastic diffusion. According to the characteristic equation, three quasi-longitudi-
nal waves namely, quasi-elastodiffusive (QED-mode), quasi-massdiffusive (QMD-mode)
and quasi-thermodiffusive (QTD-mode) can propagate in addition to quasi-transverse
waves (QSV-mode) and the purely quasi-transverse motion (QSH-mode), which is not
affected by thermal and diffusion vibrations, gets decoupled from the rest of the motion
of wave propagation. The secular equations corresponding to the symmetric and skew
symmetric modes of the plate are derived. The amplitudes of displacements, temperature
change and concentration for symmetric and skew symmetric modes of vibration of plate
are computed numerically. Anisotropy and diffusion effects on the phase velocity, attenu-
ation coefﬁcient and amplitudes of wave propagation are presented graphically in order to
illustrate and compare the analytically results. Some special cases of frequency equation
are also deduced from the existing results.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
During the last three decades, non-classical theories of thermoelasticity so called generalized thermoelasticity have been
developed in order to remove the paradox of physically impossible phenomenon of inﬁnite velocity of thermal signals in the
conventional coupled thermoelasticity. Lord–Shulman theory (1967) and Green–Lindsay theory (1972) are important gen-
eralized theories of thermoelasticity that become center of interest of recent research in this area. In Lord–Shulman theory
(1967), a ﬂux rate term into the Fourier’s law of heat conduction is incorporated (with one relaxation time) and formulated a
generalized theory admitting ﬁnite speed for thermal signals. Green–Lindsay theory (1972) called as temperature rate-
dependent thermoelasticity in which temperature rate-dependent is included among the consecutive variables with two
constants that act as two relaxation times, which does not violate the classical Fourier law of heat conduction when body
under consideration has a center of symmetry. The Lord and Shulman (1967) theory of generalized thermoelasticity was fur-
ther extended to homogeneous anisotropic heat conducting materials recommended by Dhaliwal and Sherief (1980). All
these theories predict a ﬁnite speed of heat propagation. Chanderashekhariah (1986) refers to this wave like thermal distur-. All rights reserved.
R. Kumar), tarun1_kansal@yahoo.co.in (T. Kansal).
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been brought out by Hetnarski and Ignaczak (1999).
Diffusion can be deﬁned as the random walk of an assemble of particles from region of high concentration to that of low
concentration. Nowadays, there is a great deal of interest in the study of this phenomenon due to its application in geophys-
ics and electronic industry. In integrated circuit fabrication, diffusion is used to introduce dopants in controlled amounts into
the semiconductor substance. In particular, diffusion is used to form the base and emitter in bipolar transistors, integrated
resistors, and the source/drain regions in metal oxide semiconductor (MOS) transistors and dope poly-silicon gates in MOS
transistors. In most of the applications, the concentration is calculated using what is known as Fick’s law. This is a simple law
which does not take into consideration the mutual interaction between the introduced substance and the medium into
which it is introduced or the effect of temperature on this interaction. Study of phenomenon of diffusion is used to improve
the conditions of oil extraction (seeking ways of more efﬁciently recovering oil from oil deposits). These days, oil companies
are interested in the process of thermodiffusion for more efﬁcient extraction of oil from oil deposits.
Until recently, thermodiffusion in solids, especially in metals, was considered as a quantity that is independent of the
body deformation. Practice however, indicates that the process of thermodiffusion could have a very considerable inﬂuence
upon the deformation of the body.
The thermodiffusion in elastic solids is due to coupling of ﬁelds of temperature, mass diffusion and that of strain in addi-
tion to heat and mass exchange with environment. Nowacki (1974a,b,c, 1976) developed the theory of thermoelastic diffu-
sion by using coupled thermoelastic model. Dudziak and Kowalski (1989) and Olesiak and Pyryev (1995), respectively,
discussed the theory of thermodiffusion and coupled quasi-stationary problems of thermal diffusion for an elastic layer. They
studied the inﬂuence of cross effects arising from the coupling of the ﬁelds of temperature, mass diffusion and strain due to
which the thermal excitation results in additional mass concentration and that generates additional ﬁelds of temperature.
Sherief et al. (2004) developed the generalized theory of thermoelastic diffusion with one relaxation time, which allows
the ﬁnite speeds of propagation of waves. Sherief and Saleh (2005) investigated the problem of a thermoelastic half-space in
the context of theory of generalized thermoelastic diffusion with one relaxation time. Singh (2005, 2006) discussed the
reﬂection phenomenon of waves from free surface of an elastic solid with generalized thermodiffusion. Aouadi
(2006a,b,2007a,b,2008) investigated the different types of problems in thermoelastic diffusion. Sharma (2007, 2008) inves-
tigated the plane harmonic generalized thermoelastic diffusive waves and elasto-thermodiffusive surface waves in heat con-
ducting solids.
Keeping in view, the above applications of thermodiffusion possesses, the propagation of homogeneous, transversely iso-
tropic, generalized thermoelastic diffusive waves have been investigated in this paper. The phase velocities and attenuation
coefﬁcients of various possible modes of wave propagation have been computed by using irreducible case of Cardano’s meth-
od with the help of DeMoivre’s theorem from the secular equations. The analytical results have also been computed numer-
ically and represented graphically for illustration of various physical phenomenon inherited by such solids.
2. Derivations of the basic equations
Let V denote an arbitrary material volume bounded by a closed and bounded surface A. Then, the law of conservation of
energy for V can be written in the formd
dt
Z
V
1
2
_ui _ui þ U
 
qdV ¼
Z
V
½qFi _ui þ qS1dV þ
Z
A
½rij _ui  qjmjdA; ð1Þwhere qi is the heat ﬂux vector, U the internal energy per unit mass, rij are components of the stress tensor, ui are compo-
nents of the displacement vector, q is the density assumed to be independent of time t, Fi are components of the external
forces per unit mass, S1 is the heat source density, mi are components of the unit outward normal vector to the surface A.
The symbol ‘‘.” corresponds to time derivative and the tensor convection of summing over repeated indices is used.
Using the divergence theorem and the equations of motionrij;j þ qFi ¼ q€ui;rij ¼ rji; ð2Þ
the Eq. (1) can be written asq _U ¼ rij _eij þ qS1  qi;i: ð3Þ
In what follows we shall restrict our attention to the linear theory of homogeneous body.
The balance of entropy (Nowacki, 1971) can be written asZ
V
q _SdV 
Z
V
qS1
U
dV þ
Z
A
q!
U
 !
:m^dA
Z
A
P g!
U
 !
:m^dA ¼  qi
U2
U;i  P;iU gi þ
P
U2
giU;i: ð4ÞThe right-hand side of the above equation is the entropy sourceH ¼  qi
U2
U;i  P;iU gi þ
P
U2
giU;i P 0: ð5Þ
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U
 qi
U2
U;i  qS1U 
P
U
gi;i 
P;i
U
gi þ
PU;i
U2
gi P 0: ð6ÞThe equation of conservation of mass (Nowacki, 1971) isgi;i ¼  _C: ð7ÞUsing Eqs. (3) and (7) in Eq. (6), we obtainq _SUþ rij _eij  q _U  qiUU;i þ P
_C þ P
U
giU;i  P;igi P 0: ð8ÞIn the above equation, gi denotes the ﬂow of the diffusing mass vector, S is the entropy per unit mass, P is the chemical po-
tential per unit mass, C is the concentration and U is a strictly positive function.
If we introduce the Helmholtz free energy function w, deﬁned byw ¼ U US; ð9Þ
then from Eq. (8),we getqð _wþ _USÞ þ rij _eij  qiUU;i þ P
_C þ P
U
giU;i  P;igi P 0: ð10ÞWe denote by T the temperature measured from the constant absolute temperature T0 of the body in its reference conﬁg-
uration. Following Cicco and Nappa (1999), we assume thatui ¼ eu0i; T ¼ eT 0;C ¼ eC 0;
where e is a constant small enough for squares and highest powers to be neglected and u0i; T
0; C0 are independent of e. We
denoteK ¼ ðeij; T; T ;i; _T;C; C ;i; _CÞ:
We consider thermoelastic diffusive solids having the constitutive equationsw ¼ w^ðKÞ;rij ¼ r^ijðKÞ; qi ¼ q^iðKÞ
S ¼ bSðKÞ; P ¼ bPðKÞ ð11Þthe constitutive functionals being of class C2 and consistent with the assumption of the linear theory. We assume thatobU
o _T
6¼ 0: ð12ÞIt follows from Eq. (10) thatU ¼ bUðT; _TÞ; w ¼ w^ðeij; T; T ;i; _T;C;C ;i; _CÞ; ð13Þ
ow
o _T
þ S oU
o _T
¼ 0; ð14Þ
qi
oU
o _T
¼ U oW
oT ;i
þ Pgi
oU
o _T
ð15Þ
rij  oWoeij
 
_eij  oWoT þ qS
oU
oT
 
_T þ P  oW
oC
 
_C þ oW
o _C
€C þ oW
oC;i
_C ;i
 
 qi
U
 P
U
gi
 
oU
oT
T ;i  P;igi P 0; ð16ÞwhereW ¼ qU: ð17Þ
Thus, we obtainqS ¼  oW
o _T
oU
o _T
;

ð18Þ
qi ¼ U
oW
oT ;i
oU
o _T
þ Pgi

; ð19Þ
rij ¼ oWoeij ; P ¼
oW
oC
; ð20Þand the inequality (16) reduces to
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oT
þ qS oU
oT
 
_T þ oW
o _C
€C þ oW
oC ;i
_C ;i
 
 qi
U
 P
U
gi
 
oU
oT
T ;i  P;igi P 0: ð21ÞIn view of Eqs. (9), (13), (17), (18) and (20), the energy equation (3) can be written in the formqU _Sþ oW
oT
þ qS oU
oT
 
_T þ oW
oT ;i
_T ;i þ P _C þ oW
o _C
€C þ oW
oC ;i
_C ;i
 
¼ qS1  qi;i: ð22ÞWe assume thatUðT;0Þ ¼ T0 þ T: ð23Þ
Assuming that the initial body is free from stress and heat ﬂux, in the context of linear theory, we haveW ¼ W0  c1T  c2 _T  12 dT
2  eT _T  1
2
f _T2 þ s1a0i _TT ;i þ
1
2
s1KijT ;iT ;j þ aijeijT þ ciTT ;i þ aijkeijT ;k
þ cijeij _T þ gC þ  _C þ 12 bC
2 þ jC _C þ 1
2
h0 _C2  s1ei _CC ;i  12 s1lijC;iC ;j
þ bijeijC þ bijkeijC;k þ dijeij _C  gi C ;iC  aTC  q _T _C  vijT ;iC ;j
 kiTC ;i  f i _TC ;i w _TC  ui T ;i _C  h0iT ;iC þ
1
2
cijkmeijekm  vT _C
U ¼ T0 þ T þ s1 _T þ b0T _T þ
1
2
c0 _T
2
ð24ÞFrom Eqs. (18), (19), (20) and (24), we can determine rij,P,S and qi. The entropy inequality (21) implies the following restric-
tions on the constitutive coefﬁcients:ci ¼ 0; aijk ¼ 0; c2 ¼ s1c1;w ¼ s1a; f i ¼ s1ki; q ¼ s1v
h0i ¼ 0; vij ¼ 0; cij ¼ s1aij; e c1b0 ¼ ds1
ð25Þandðs1d hÞ _T2 þ 2a0i _TT ;i þ KijT ;iT ;j P 0; ð26Þ
wheres1h ¼ f  c2c0=s1: ð27Þ
Thus, we obtain the following constitutive equations:rij ¼ cijkmekm þ bijkC ;k þ aijðT þ s1 _TÞ þ bijC þ dij _C þ aijkT ;k; ð28Þ
P ¼ bijeij þ bC þ j _C  aðT þ s1 _TÞ  gi C ;i þ g  h0iT ;i; ð29Þ
qS ¼ c1 þ dT þ h _T  a0iT ;i  aijeij þ aC þ v _C þ kiC;i; ð30Þ
qi ¼ T0ða0i _T þ KijT ;jÞ: ð31ÞIn the context of the linear theory, the energy equation (22) reduces toqU _S ¼ qi;i þ qS1: ð32Þ
If the material has center of symmetry, then the constitutive equations takes the formrij ¼ cijkmekm þ aijðT þ s1 _TÞ þ bijðC þ s1 _CÞ; ð33Þ
P ¼ bijeij þ bðC þ s1 _CÞ  aðT þ s1 _TÞ þ g; ð34Þ
qS ¼ c1 þ qCET0 ðT þ s0
_TÞ  aijeij þ aðC þ s0 _CÞ; ð35Þ
qi ¼ KijT ;j; ð36Þwhere we introduced ¼ qCE
T0
; h ¼ qCEs0
T0
; dij ¼ s1bij; j ¼ s1b; v ¼ s0a: ð37ÞAnalogous to Eq. (36) for the heat ﬂux vector, we assume a similar equation for the mass ﬂux vectorgi ¼ aijP;j: ð38Þ
Using equations (33–36) and (38) in equations (2), (7) and (32) without body forces and heat sources, we obtain
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Equation of heat conduction:qCEð _T þ s0€TÞ þ aT0ð _C þ s0€CÞ  aij _eijT0 ¼ KijT ;ij: ð40Þ
Equation of mass diffusion:aijbkmekm;ij  aijb½ðC þ s1 _CÞ;ij þ aija½ðT þ s1 _TÞ;ij ¼  _C: ð41Þ
Applying the transformationx01 ¼ x1 cos/þ x2 sin/; x02 ¼ x1 sin/þ x2 cos/; x03 ¼ x3; ð42Þ
where, / is the angle of rotation in the x1  x2 plane, in the Eqs. (39)–(41), the basic equations for homogeneous, transversely
isotropic, generalized thermodiffusive elastic solid arec11u1;11 þ c12u2;21 þ c13u3;31 þ c66ðu1;22 þ u2;12Þ þ c44ðu1;33 þ u3;13Þ  a1½ðT þ s1 _TÞ;1  b1½ðC þ s1 _CÞ;1 ¼ q€u1; ð43Þ
c66ðu1;21 þ u2;11Þ þ c12u1;12 þ c11u2;22 þ c44u2;33 þ ðc13 þ c44Þu3;32  a1½ðT þ s1 _TÞ;2  b1½ðC þ s1 _CÞ;2 ¼ q€u2; ð44Þ
ðc13 þ c44Þðu1;13 þ u2;23Þ þ c44ðu3;11 þ u3;22Þ þ c33u3;33  a3½ðT þ s1 _TÞ;3  b3½ðC þ s1 _CÞ;3 ¼ q€u3; ð45Þ
qCEð _T þ s0€TÞ þ aT0ð _C þ s0€CÞ þ ½a1ð _u1;1 þ _u2;2Þ þ a3 _u3;3T0 ¼ K1ðT ;11 þ T ;22Þ þ K3T ;33; ð46Þ
a1½b1ðu1;111 þ u2;222 þ u2;211 þ u1;122Þ þ b3ðu3;311 þ u3;322Þ þ a3½b1ðu1;133 þ u2;233Þ þ b3u3;333  a1b½ðC þ s1 _CÞ;11
þ ðC þ s1 _CÞ;22  a3b½ðC þ s1 _CÞ;33 þ a1a½ðT þ s1 _TÞ;11 þ ðT þ s1 _TÞ;22 þ a3a½ðT þ s1 _TÞ;33 ¼  _C; ð47Þwhereaij ¼ aidij; bij ¼ bidij;aij ¼ ai dij;Kij ¼ Kidij;
a1 ¼ ðc11 þ c12Þa1 þ c13a3; a3 ¼ 2c13a1 þ c33a3;
b1 ¼ ðc11 þ c12Þa1c þ c13a3c; b3 ¼ 2c13a1c þ c33a3c;
c66 ¼ ðc11  c12Þ=2:
ð48ÞHere at ;atc are the coefﬁcients of linear thermal expansion and diffusion expansion, respectively.
In the above equations (43)–(47), we use the contracting subscript notations 1! 11;2! 22;3! 33;4!
23;5! 13;6! 12 to relate cijkm to clnði; j; k;m ¼ 1;2;3 and l;n ¼ 1;2;3;4;5;6Þ.
3. Formulation of the problem
We consider a homogeneous, transversely isotropic, generalized thermodiffusive elastic plate of thickness 2H, initially at
uniform temperature T0. The origin of the coordinate system ðx1; x2; x3Þ is taken on the middle surface of the plate. The x1  x2
plane is chosen to coincide with the middle surface and x3-axis normal to it along the thickness as shown in Fig. 1. The sur-
faces x3 ¼ H are subjected to different boundary conditions. We assume that the solutions are explicitly independent of x2
but implicit dependence is there so that the component u2 of displacement is non-vanishing. Therefore, Eqs. (43)–(47) re-
duce toHx −=3
3x
2x
1x
Hx =3
Fig. 1. Geometry of the problem.
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c66u2;11 þ c44u2;33 ¼ q€u2; ð50Þ
ðc13 þ c44Þu1;13 þ c44u3;11 þ c33u3;33  a3ðT þ s1 _TÞ;3  b3ðC þ s1 _CÞ;3 ¼ q€u3; ð51Þ
qCEð _T þ s0€TÞ þ aT0ð _C þ s0€CÞ þ ½a1 _u1;1 þ a3 _u3;3T0 ¼ K1T ;11 þ K3T ;33; ð52Þ
a1b1u1;111 þ a1b3u3;311 þ a3b1u1;133 þ a3b3u3;333  a1b½ðC þ s1 _CÞ;11
 a3b½ðC þ s1 _CÞ;33 þ a1a½ðT þ s1 _TÞ;11 þ a3a½ðT þ s1 _TÞ;33 ¼  _C: ð53ÞWe deﬁne the dimensionless quantitiesx0i ¼
w1xi
v1
; t0 ¼ w1t;u0i ¼
w1ui
v1
; T 0 ¼ a1T
qv21
; C0 ¼ b1C
qv21
P0 ¼ P
b1
; s00 ¼ w1s0; s01 ¼ w1s1; s0
0 ¼ w1s0; s1
0 ¼ w1s1
h0 ¼ v1h
w1
;r0ij ¼
rij
a1T0
; v21 ¼
c11
q
;w1 ¼
qCEv21
K1
ð54ÞHere w1 is the characteristic frequency of the medium, v1 is the longitudinal wave velocity in the medium.
Upon introducing the quantities (54) in Eqs. (49)–(53), after suppressing the primes, we obtainu1;11 þ d1u1;33 þ d2u3;13  ðT þ s1 _TÞ;1  ðC þ s1 _CÞ;1 ¼ €u1; ð55Þ
d3u2;11 þ d1u2;33 ¼ €u2; ð56Þ
d2u1;13 þ d1u3;11 þ d4u3;33  p1ðT þ s1 _TÞ;3  p2ðC þ s1 _CÞ;3 ¼ €u3; ð57Þ
ð _T þ s0€TÞ þ f1ð _C þ s0€CÞ þ f2ð _u1;1 þ p1 _u3;3Þ ¼ T ;11 þ p3T ;33; ð58Þ
q1u1;111 þ q2u3;333 þ q3½ðT þ s1 _TÞ;11 þ q4½ðT þ s1 _TÞ;33  q5½ðC þ s1 _CÞ;11  q6½ðC þ s1 _CÞ;33
þ q7u1;133 þ q8u3;311 ¼  _C; ð59Þwhered1 ¼ c44c11 ; d2 ¼
c13 þ c44
c11
; d3 ¼ c11  c122c11 ; d4 ¼
c33
c11
;p1 ¼
a3
a1
;p2 ¼
b3
b1
;
f1 ¼
aT0v21a1
w1K1b1
; f2 ¼
a21T0
qK1w1
;p3 ¼
K3
K1
; q1 ¼
a1w1b
2
1
qv41
; q2 ¼
a3w1b3b1
qv41
;
q3 ¼
a1w1b1a
a1v21
; q4 ¼
a3w1b1a
a1v21
; q5 ¼
a1w1b
v21
; q6 ¼
a3w1b
v21
;
q7 ¼
a3w1b
2
1
qv41
; q8 ¼
a1w1b3b1
qv41
:4. Solution of the problem
We assume the solutions of the formðu1;u2;u3; T;CÞ ¼ ð1;V ;W; S;RÞU exp½inðx1 sin hþmx3  ctÞ; ð60Þ
where c ¼ x=n is the non-dimensional phase velocity, x is the frequency and n is the wave number. Here h is the angle of
inclination of wave normal with axis of symmetry (x3-axis); m is still unknown parameter. 1;V ;W; S;R are, respectively, the
amplitude ratios of displacements u1;u2;u3, temperature change T and concentration C with respect to u1.
Upon using solutions (60) in Eqs. (55)–(59), we obtainn2ðs2 þm2d1  c2Þ þ n2d2smW þ nxss11Sþ nxss21R ¼ 0; ð61Þ
ðd3s2 þ d1m2  c2ÞV ¼ 0; ð62Þ
n2smd2 þ n2ðd1s2 þ d4m2  c2ÞW þ p1nxms11Sþ p2nxms21R ¼ 0; ð63Þ
nxsf2 þ p1nxmf2W  n2ðc2s10  s2  p3m2ÞSx2f1s20R ¼ 0; ð64Þ
q1n
2s3 þ q7n2sm2 þ q2n2m3W þ q8n2ms2W  nxs11ðq3s2 þ q4m2ÞS
þ nxs21ðq5s2 þ q6m2ÞR ¼ cR; ð65Þ
5896 R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913wheres ¼ sin h; s11 ¼ ðs1 þ i=xÞ; s21 ¼ ðs1 þ i=xÞ; s10 ¼ ðs0 þ i=xÞ; s20 ¼ ðs0 þ i=xÞ: ð66Þ
The Eq. (62) corresponds to purely quasi-transverse wave (QSH-mode) that decouples from rest of the motion and is not af-
fected by the thermal and diffusion vibrations. The system of the Eqs. (61), (63), (64), (65) have a non-trivial solution if the
determinant of the coefﬁcients ½1;W; S;RT vanishes, which yields to the following polynomial characteristic equation:m8 þ Am6 þ Bm4 þ Cm2 þ D ¼ 0: ð67ÞThe coefﬁcients A;B;C;D are given in Appendix A. The characteristic equation (67) is biquadratic in m2 and hence pos-
sesses four roots m2p ; p ¼ 1;2;3;4. Corresponding to these four roots, there exists three type of quasi-longitudinal waves
and one quasi-transverse wave. The formal expressions for u1;u3; T;C are obtained asu1 ¼
X4
p¼1
ðAp cos nmpx3 þ Bp sin nmpx3Þ exp½inðx1 sin h ctÞ; ð68Þ
u3 ¼
X4
p¼1
n1pðAp cos nmpx3 þ Bp sin nmpx3Þ exp½inðx1 sin h ctÞ; ð69Þ
T ¼
X4
p¼1
n2pðAp cos nmpx3 þ Bp sin nmpx3Þ exp½inðx1 sin h ctÞ; ð70Þ
C ¼
X4
p¼1
n3pðAp cos nmpx3 þ Bp sin nmpx3Þ exp½inðx1 sin h ctÞ; ð71Þwhere Ap;Bp (p=1,2,3,4) are arbitrary constants.
The coupling constants n1p;n2p;n3p (p = 1,2,3,4) are given in Appendix B.
5. Boundary conditions
The non-dimensional boundary conditions at the interface x3 ¼ H of the plate are given by
(i) Mechanical conditions(stress-free surface)r33 ¼ ðd2  d1Þu1;1 þ d4u3;3  p1ðT þ s1 _TÞ  p2ðC þ s1 _CÞ ¼ 0
r31 ¼ d1ðu3;1 þ u1;3Þ ¼ 0
ð72Þ(ii) Thermal conditionsT ;3 þ hT ¼ 0; ð73Þ
where h is the surface heat transfer coefﬁcient. Here h! 0 corresponds to thermally insulated boundaries and h!1 refers
to isothermal surfaces.
(iii) Chemical potentialP ¼ u1;1 þ p2u3;3  n2ðC þ s1 _CÞ þ n1ðT þ s1 _TÞ ¼ 0; ð74Þ
wheren1 ¼ ac11a1b1 ;n2 ¼
bc11
b21
:6. Derivation of secular equations
Substituting the values of u1;u3; T and C from (68)–(71) in the boundary conditions (72)–(74) at the surfaces x3 ¼ H, we
obtain a system of eight simultaneous equations and for non-trivial solution of system of equations, the determinant of the
coefﬁcients of amplitudes vanishes. This after lengthy algebraic reductions leads to the secular equations for the plate with
stress free thermally insulated and isothermal boundaries asR1
T2
T3
 
þ R2 þ R3
T4
T3
 
þ R4
T2
T1
 
þ R5
T2T4
T1T3
 
þ R6
T4
T1
 
¼ 0: ð75Þ
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T2
T3
 
þ P2 þ P3
T4
T3
 
þ P4
T2
T1
 
þ P5
T2T4
T1T3
 
þ P6
T4
T1
 
¼ 0: ð76ÞFor stress free isothermal boundaries ðh!1Þ of the plate, where
Tp ¼ tan nmpH ðp ¼ 1;2;3;4Þ;andR1 ¼ m1m2½ðn11n22  n21n12ÞðP3n14  P4n13Þ;R2 ¼ m1m3½ðn11n23  n21n13ÞðP4n12  P2n14Þ;
R3 ¼ m1m4½ðn11n24  n21n14ÞðP2n13  P3n12Þ;R4 ¼ m2m3½ðn12n23  n22n13ÞðP1n14  P4n11Þ;
R5 ¼ m2m4½ðn22n14  n12n24ÞðP1n13  P3n11Þ;R6 ¼ m3m4½ðn13n24  n23n14ÞðP1n12  P2n11Þ;
P1 ¼ m1m2½ðn12  n11ÞðP3n24  P4n23Þ; P2 ¼ m1m3½ðn11  n13ÞðP2n24  P4n22Þ;
P3 ¼ m1m4½ðn14  n11ÞðP2n23  P3n22Þ; P4 ¼ m2m3½ðn13  n12ÞðP1n24  P4n21Þ;
P5 ¼ m2m4½ðn12  n14ÞðP1n23  P3n21Þ; P6 ¼ m3m4½ðn14  n13ÞðP1n22  P2n21Þ;
Pp ¼ inðd2  d1Þ þ ip1xs11n2p þ ip2xs21n3p; p ¼ 1;2;3;4:Here, superscript +1 refers to skew symmetric and 1 refers to symmetric modes of wave propagation.
7. Amplitudes of displacements, temperature change and concentration
In this section the amplitudes of displacements, temperature change and concentration for symmetric and skew symmet-
ric cases are given belowððu1Þsym; ðu1ÞasymÞ ¼
X4
p¼1
ðAp cos nmpx3;Bp sin nmpx3Þ exp½inðx1 sin h ctÞ; ð77Þ
ððu3Þsym; ðu3ÞasymÞ ¼
X4
p¼1
n1pðBp sin nmpx3;Ap cos nmpx3Þ exp½inðx1 sin h ctÞ; ð78Þ
ððTÞsym; ðTÞasymÞ ¼
X4
p¼1
n2pðAp cos nmpx3;Bp sin nmpx3Þ exp½inðx1 sin h ctÞ; ð79Þ
ððCÞsym; ðCÞasymÞ ¼
X4
p¼1
n3pðAp cos nmpx3;Bp sin nmpx3Þ exp½inðx1 sin h ctÞ: ð80ÞThe amplitudes Ap;Bp; p ¼ 1;2;3;4 are given in Appendix C.
8. Particular cases
1. By taking s0 ¼ s0 ¼ s1 ¼ s1 ¼ 0 in the Eqs. (75) and (76), we obtain the frequency equations corresponding to the theory
of coupled thermoelastic diffusion.
2. In the absence of diffusion effect, i.e. if we take b1 ¼ b3 ¼ a ¼ b ¼ 0, the Eqs. (75) and (76) reduce to the frequency equa-
tions of transversely isotropic generalized thermoelastic solid asS1
T1
T3
 
 S2
T2
T3
 
þ S3 ¼ 0; ð81Þ
Q 1
T1
T3
 
 Q 2
T2
T3
 
þ Q 3 ¼ 0; ð82ÞwhereS1 ¼ m1n021ðP2n013  P3n012Þ; S2 ¼ m2n022ðP1n013  P3n011Þ;
S3 ¼ m3n023ðP1n012  P2n011Þ;Q 1 ¼ m1ðP2n023  P3n022Þ;
Q 2 ¼ m2ðP1n023  P3n021Þ;Q3 ¼ m3ðP1n022  P2n021Þ;
Pp ¼ inðd2  d1Þ þ ip1xs11n02p;p ¼ 1;2;3;
n01p ¼ 
f3r4m3p þ ðr3f3  f8r1Þmp
f7r4m4p þ ðf6r4 þ f7r3  f8r2Þm2p þ f6r3
;
n02p ¼
ðf3r2  r1f7Þm2p  f6r1
f7r4m4p þ ðf6r4 þ f7r3  f8r2Þm2p þ f6r3
; p ¼ 1;2;3:
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3. In case of isotropic, we havec11 ¼ c33 ¼ kþ 2l; c12 ¼ c13 ¼ k; c44 ¼ l; aij ¼ b1dij;
bij ¼ b2dij;Kij ¼ Kdij;aij ¼ Ddij
ð83Þconsequently, Eqs. (75) and (76) become the frequency equations of isotropic generalized thermoelastic diffusive solid asM1
T2
T3
 
þM2 þM3
T4
T3
 
þM4
T2
T1
 
þM5
T2T4
T1T3
 
þM6
T4
T1
 
¼ 0; ð84Þ
N1
T2
T3
 
þ N2 þ N3
T4
T3
 
þ N4
T2
T1
 
þ N5
T2T4
T1T3
 
þ N6
T4
T1
 
¼ 0; ð85ÞwhereM1 ¼ m1m2½ðm11m22 m21m12ÞðL3m14  L4m13Þ;M2 ¼ m1m3½ðm11m23 m21m13ÞðL4m12  L2m14Þ;
M3 ¼ m1m4½ðm11m24 m21m14ÞðL2m13  L3m12Þ;M4 ¼ m2m3½ðm12m23 m22m13ÞðL1m14  L4m11Þ;
M5 ¼ m2m4½ðm22m14 m12m24ÞðL1m13  L3m11Þ;M6 ¼ m3m4½ðm13m24 m23m14ÞðL1m12  L2m11Þ;
N1 ¼ m1m2½ðm12 m11ÞðL3m24  L4m23Þ;N2 ¼ m1m3½ðm11 m13ÞðL2m24  L4m22Þ;
N3 ¼ m1m4½ðm14 m11ÞðL2m23  L3m22Þ;N4 ¼ m2m3½ðm13 m12ÞðL1m24  L4m21Þ;
N5 ¼ m2m4½ðm12 m14ÞðL1m23  L3m21Þ;N6 ¼ m3m4½ðm14 m13ÞðL1m22  L2m21Þ;
Lp ¼ inðd2  d1Þ þ ixs11m2p þ ixs21m3p; p ¼ 1;2;3;4:and the coupling constantsmqp can be obtained from nqp; q ¼ 1;2;3 and p ¼ 1;2;3;4 by using the quantities given in Eq. (83).
3.1 Sub case
In the absence of diffusion effect, the Eqs. (84) and (85) reduce to the frequency equations of isotropic generalized ther-
moelastic solid asU1
T1
T3
 
 U2
T2
T3
 
þ U3 ¼ 0; ð86Þ
V1
T1
T3
 
 V2
T2
T3
 
þ V3 ¼ 0: ð87ÞwhereU1 ¼ m1m021ðL2m013  L3m012Þ;U2 ¼ m2m022ðL1m013  L3m011Þ;
U3 ¼ m3m023ðL1m012  L2m011Þ;V1 ¼ m1ðL2m023  L3m022Þ;
V2 ¼ m2ðL1m023  L3m021Þ;V3 ¼ m3ðL1m022  L2m021Þ:
Lp ¼ inðd2  d1Þ þ ixs11m02p;p ¼ 1;2;3;and similarly the coupling constantsm0qp can be obtained from n
0
qp; q ¼ 1;2 and p ¼ 1;2;3 by using the quantities given in Eq.
(83).
The above results also similar with those obtained by Sharma et al. (2003).
9. Numerical results and discussion
For numerical computations, we take the following values of the relevant parameters for transversely isotropic general-
ized thermoelastic diffusive solid:c11 ¼ 18:78 1010 kg m1 s2; c12 ¼ 8:76 1010 kg m1 s2; c13 ¼ 8:0 1010 kg m1 s2;
c33 ¼ 18:2 1010 kg m1 s2; c44 ¼ 5:06 1010 kg m1 s2; T0 ¼ 0:293 103 K;
CE ¼ 0:6331 103 J kg1 K1;a1 ¼ 2:98 105 K1;a3 ¼ 2:4 105 K1;
a1c ¼ 2:1 104 m3 kg1;a3c ¼ 2:5 104 m3 kg1; a ¼ 2:4 104 m2 s2 K1;
b ¼ 13 105 kg1 m5 s2;a1 ¼ 0:95 108 kg s m3;a3 ¼ 0:90 108 kg s m3;
q ¼ 8:954 103 kg m3;K1 ¼ 0:433 103 Wm1 K1;K3 ¼ 0:450 103 Wm1 K1;
s0 ¼ 0:1 s;s1 ¼ 0:9 s;s0 ¼ 0:2 s;s1 ¼ 0:3 s:
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the following values of relevant parameters for the case of copper material as:T0 ¼ 0:293 103 K;q ¼ 8:954 103 kgm3; s0 ¼ 0:1 s;s1 ¼ 0:9 s;s0 ¼ 0:2 s;s1 ¼ 0:3 s;
CE ¼ 0:3831 103 J kg1 K1;a ¼ 1:78 105 K1;K ¼ 0:386 103 Wm1 K1;
ac ¼ 1:98 104m3 kg1; k ¼ 7:76 1010 kg m1 s2;l ¼ 3:86 1010 kg m1 s2;
D ¼ 0:85 108 kg s m3; a ¼ 1:2 104 m2 s2 K1; b ¼ 9 105 kg1 m5 s2:9.1. Phase velocity and attenuation coefﬁcient
The variations of phase velocity for thermoelastic diffusive waves for ﬁrst and second modes have been plotted in Figs. 2
and 3 for various directions of propagation with respect to wave number for skew symmetric and symmetric modes. In Figs.
2–5, the solid line and big dash line correspond to transversely isotropic thermoelastic diffusion (TID) for ﬁrst mode for an-
gles h ¼ 30 and h ¼ 90, respectively. Similarly, the small dash line and line with dots correspond to second mode in the case
of TID for h ¼ 30 and h ¼ 90, respectively. The star, triangle, circle and square symbols on these four lines correspond to
isotropic thermoelastic diffusive solid (ID) for ﬁrst and second modes, respectively. Similarly, the left triangle, lower triangle,
right triangle and diamond symbols correspond to transversely isotropic thermoelastic solid (TI) for ﬁrst and second modes,
respectively.
Figs. 2 and 3 show the comparisons of phase velocity of thermoelastic diffusive waves for ID and TID on one side and for
TID and TI on other side. Fig. 2 depicts that in the case of TID, for ﬁrst mode and h ¼ 30, the values of phase velocity initially
decrease rapidly and then decrease smoothly after that. On the other hand, for h ¼ 90, initially the values increase sharply to
remain constant after that. For second mode, the trend is similar to that of ﬁrst mode but as the value of angle increases from
h ¼ 30 to h ¼ 90, the values of phase velocity for second mode are higher than that of ﬁrst mode. On comparing the cases of
TID and ID, we notice that in the case of ID, the phase velocity remain constant before increasing slowly in the initial stage for
h ¼ 30 and for ﬁrst mode, otherwise the values of phase velocity corresponding to ID remain higher than that of TID. On
considering the cases of TID and TI, we see that for ﬁrst mode, the values of phase velocity corresponding to TID are higher
than that of TI but for second mode, the reverse behavior occurs. Similar type of observation is noticed in the Fig. 3 for the
skew-symmetric mode but the magnitude are different as compared to the symmetric mode.Fig. 2. Variations of phase velocity w.r.t. wave number (symmetric).
Fig. 3. Variations of phase velocity w.r.t. wave number (skew-symmetric).
5900 R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913The attenuation coefﬁcients for thermoelastic diffusive waves have also been computed and plotted in Figs. 4 and 5. Both
ﬁgures show that as the angle varies from h ¼ 30 to h ¼ 90, the values of attenuation coefﬁcient increase for all the three
cases of TID, ID and TI. The values of attenuation coefﬁcient corresponding to ﬁrst mode increases slightly in comparison toFig. 4. Variations of attenuation coefﬁcient w.r.t. wave number (symmetric).
Fig. 5. Variations of attenuation coefﬁcient w.r.t. wave number (skew-symmetric).
Fig. 6. Variations of amplitude of horizontal displacement w.r.t. H (symmetric).
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Fig. 7. Variations of amplitude of horizontal displacement w.r.t. H (skew-symmetric).
5902 R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913second mode for TID but on the other hand, the behavior is opposite corresponding to the case of ID. The values of attenu-
ation coefﬁcient for the case of TID remain higher than that of ID except for second mode and for h ¼ 90, where opposite
trend is observed. There is more increase in the values of attenuation coefﬁcient in the case of TID in comparison to the case
of TI. Appreciable diffusion and anisotropy effects are noticed in the Figs. 4 and 5.
9.2. Amplitudes
The variations of amplitudes of displacements (u1;u3), temperature change (T) and concentration (C) with respect to the
thickness of plate depicting the anisotropy and diffusion effects have been computed and are shown in Figs. 6–13 for differ-Fig. 8. Variations of amplitude of vertical displacement w.r.t. H (symmetric).
Fig. 9. Variations of amplitude of vertical displacement w.r.t. H (skew-symmetric).
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circle symbols on these lines correspond to ID for similar angles, respectively. Similarly the triangle and the square symbolsFig. 10. Variations of amplitude of temperature change w.r.t. H (symmetric).
Fig. 11. Variations of amplitude of temperature change w.r.t. H (skew-symmetric).
5904 R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913on these lines correspond to TI for similar angles, respectively. These ﬁgures show the comparisons of amplitudes of dis-
placements (u1;u3), temperature change (T) and concentration (C) in cases of ID and TID on one side and TID and TI on other
side.Fig. 12. Variations of amplitude of concentration w.r.t. H (symmetric).
Fig. 13. Variations of amplitude of concentration w.r.t. H (skew-symmetric).
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but it is clearly evident that the decrease in the values of u1 in the case of TID is more than to the case of ID. On the other side,
the values of u1 show opposite behavior for different angles corresponding to TI. Fig. 7. depicts the similar type of observationFig. 14. Variations of phase velocity w.r.t. wave number (symmetric).
Fig. 15. Variations of phase velocity w.r.t. wave number (skew-symmetric).
5906 R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913for the case of ID and TI but not in the case of TID. In Figs. 8 and 9, the values of amplitude of vertical displacement (u3) show
oscillate behavior. The values of u3 oscillate more in the case of TID in comparison to ID and TI.Fig. 16. Variations of attenuation coefﬁcient w.r.t. wave number (symmetric).
Fig. 17. Variations of attenuation coefﬁcient w.r.t. wave number (skew-symmetric).
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to TID, the values of amplitude of temperature change (T) increase less in comparison to the case of ID. For skew-symmetric
mode, the values of (T) decrease more in the case of ID as compared to the case of TID for angle h ¼ 30. On observing the
cases of TID and TI, we notice that for both modes, the values of T decrease in the case of TI but in the case of TID, values of T
increase for symmetric mode but the values decrease for skew-symmetric mode. The amplitudes of temperature change are
multiplied by 103 times in TI case to show diffusion effect more efﬁciently.Fig. 18. Variations of amplitude of horizontal displacement w.r.t. H (symmetric).
Fig. 19. Variation of amplitudes of horizontal displacement w.r.t. H (skew-symmetric).
5908 R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913In Fig. 12, the values of amplitude of concentration (C) shows downfall in the case of ID for both angles but the values of C
in the case of TID show opposite behavior for different angles. Similar trend is shown in the Fig. 13 for ID but for TID, values
are increasing.
9.3. Comparisons of Green-Lindsay (GL) and Coupled thermoelasticity (CT) theories
The variations of phase velocity for thermoelastic diffusive waves for ﬁrst and second modes have been plotted in Figs. 14
and 15 with respect to wave number for skew symmetric and symmetric modes corresponding to Green-Lindsay (GL) andFig. 20. Variations of amplitude of vertical displacement w.r.t. H (symmetric).
Fig. 21. Variations of amplitude of vertical displacement w.r.t. H (skew-symmetric).
R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913 5909coupled thermoelasticity (CT) theories keeping h ¼ 30 ﬁxed. In the Figs. 14–17, the solid and dash line correspond to ﬁrst
and second modes in GL theory for TID. The big dash line and line with dots correspond to ID in GL theory. The left and right
triangles on solid and dash lines correspond to TI in the same theory. The star and circle symbols on these lines correspond toFig. 22. Variations of amplitude of temperature change w.r.t. H (symmetric).
Fig. 23. Variations of amplitude of temperature change w.r.t. H (skew-symmetric).
5910 R. Kumar, T. Kansal / International Journal of Solids and Structures 45 (2008) 5890–5913TID for CT theory. Similarly, the lower triangle and diamond symbols on these lines correspond to TI for CT theory. The tri-
angle and square symbols on big dash line and line with dots correspond to ID for same theory.
From Figs. 14 and 15, it is clearly noticed that in CT theory as compared to GL theory, the increase in the values of phase
velocity is more for both ﬁrst and second modes. The values of phase velocity corresponding to TID are higher than that of ID
and TI for both theories. On the other hand, for CT theory in comparison to GL theory, the reverse behavior occurs (Figs. 16
and 17) but if we compare the cases TID and ID on one side and TID and TI on other side, similar type of behavior occurs as in
the Figs. 14 and 15.
The variations of amplitudes of displacements (u1;u3), temperature change (T) and concentration (C) with respect to the
thickness of plate are shown in Figs. 18–25. The solid line, small dash line and big dash line correspond to TID, ID and TI forFig. 24. Variations of amplitude of concentration w.r.t. H (symmetric).
Fig. 25. Variations of amplitude of concentration w.r.t. H (skew-symmetric).
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placements (u1) and temperature change (T) for TI are shown in small ﬁgs. within the Figs. 18, 19 and Figs. 22, 23,
respectively.
In GL theory, the values of displacement (u1) are more decreasing than CT theory. The values of u3 in case of CT theory are
more oscillating than GL theory. The values of temperature change (T) corresponding to CT theory are higher than that of GL
theory but the opposite behavior is noticed (Figs. 24 and 25).
10. Conclusions
The basic equations for transversely isotropic generalized thermoelastic diffusion are derived and the propagation of
plane harmonic thermoelastic diffusive waves in a homogeneous, transversely isotropic, elastic plate of ﬁnite width is stud-
ied. It is shown that there are three quasi-longitudinal waves namely, quasi-elastodiffusive (QED-mode), quasi-massdiffusive
(QMD-mode) and quasi-thermodiffusive (QTD-mode), in addition to the two quasi-transverse waves (QSV-mode and QSH-
mode). The quasi-transverse waves (QSH-mode) which are not affected by thermal and diffusion vibrations, gets decoupled
from the rest of the motion of wave propagation. Some special cases of frequency equation are also discussed. Anisotropy
and diffusion effects on the phase velocity, attenuation coefﬁcient and amplitudes of wave propagation are shown graphi-
cally and the results are compared.
It is observed that for the ﬁrst mode, phase velocities increase more with the increase of angle and for the second mode,
phase velocity initially decreases more but after that increase more with the variation of angle from h ¼ 30 to h ¼ 90. The
attenuation coefﬁcients of waves are also plotted with wave number in various directions of wave motion. The values of
attenuation coefﬁcient for ﬁrst mode has a small increase than for secondmode. On neglecting the diffusion effect, the values
of phase velocity and attenuation coefﬁcient are lower than the values of phase velocity and attenuation coefﬁcient on taking
the diffusion effect. The amplitudes of vertical displacement are generally oscillatory in nature. The effect of thermal relax-
ation is observed on phase velocity, attenuation coefﬁcient and on the amplitudes of displacements, temperature change and
concentration.
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f2g1
;B ¼ f1g2 þ f2g4  f3g5 þ r1g6  r6g7  r7g11
f2g1
;
C ¼ f1g4 þ f2g8  f3g9 þ r1g10  r6g11 þ r7g13
f2g1
;D ¼ f1g8  r1g12 þ r6g13
f2g1
;
g1 ¼ f7l3  r8l7; g2 ¼ f6l3 þ f7l2  r2l5  r9l7 þ r8l6; g3 ¼ f3l3  r8j2;
g4 ¼ f6l2 þ f7l1  r2l4 þ r9l6; g5 ¼ f3l2  r2l9 þ r8j1  r9j2;
g6 ¼ f3l5  f7l9 þ r8j3; g7 ¼ f7j2  f3l7; g8 ¼ f6l1; g9 ¼ f3l1  r2l8 þ r9j1;
g10 ¼ f3l4  f6l9  f7l8 þ r9j3; g11 ¼ f3l6 þ f6j2  f7j1 þ r2j3; g12 ¼ f6l8; g13 ¼ f6j1;
f1 ¼ n2ðs2  c2Þ; f2 ¼ d1n2; f3 ¼ n2sd2; f4 ¼ xsns11; f5 ¼ nxss21;
f6 ¼ n2ðd1s2  c2Þ; f7 ¼ d4n2; f8 ¼ p1nxs11; f9 ¼ p2nxs21; r1 ¼ nxsf2;
r2 ¼ p1f2xn; r3 ¼ n2ðc2s10  s2Þ; r4 ¼ p3n2; r5 ¼ f1s20x2; r6 ¼ q1n2s3; r7 ¼ q7n2s;
r8 ¼ q2n2; r9 ¼ q8n2s2;h1 ¼ nxs11q3s2; h2 ¼ q4n2s11c; h3 ¼ nxs21q5s2 þ c;
h4 ¼ q6n2s11c; l1 ¼ r3h3  r5h1; l2 ¼ h4r3 þ r4h3  h2r5; l3 ¼ r4h4; l4 ¼ f8h3  f9h1;
l5 ¼ f8h4  h2f9; l6 ¼ f8r5  f9r3; l7 ¼ r4f9; l8 ¼ f4h3  f5h1; l9 ¼ h4f4  h2f5;
j1 ¼ f4r5  f5r3; j2 ¼ r4f5; j3 ¼ f4f9  f8f5;Appendix BI1 ¼ r2h4  r8r5; I2 ¼ f7h4  f9r8; I3 ¼ f7r5  f9r2; I4 ¼ r2h3  r5r9;
I5 ¼ f7h3 þ f6h4  f9r9; I6 ¼ r6r5  r1h3; I7 ¼ f7r7  f3r8; I8 ¼ h2r2  r8r3  r9r4;
I9 ¼ f7h2  f8r8; I10 ¼ f7r3 þ f6r4 þ f8r2; I11 ¼ r2h1  r9r3; I12 ¼ f7h1 þ f6h2  f8r9;
I13 ¼ r6r3  h1r1; g14 ¼ f3l1  r7l7; g15 ¼ f3l2  r1l5  r6l7 þ r7l6; g16 ¼ f3l3  r1l4 þ r6l6;
g17 ¼ f3I1  r1I2 þ r7I3; g18 ¼ f3I4  r1I5 þ r6I3 þ r7f6r5; g19 ¼ f6I6; g20 ¼ r4I7;
g21 ¼ f3I8  r1I9 þ r7I10 þ r6f7r4; g22 ¼ f3I11  r1I12 þ r6I10 þ r7f6r3; g23 ¼ f6I13;
n1p ¼ 
m5pg14 þm3pg15 þmpg16
m6pg1 þm4pg2 þm2pg4 þ g8
;n2p ¼
m4pg17 þm2pg18 þ g19
m6pg1 þm4pg2 þm2pg4 þ g8
;
n3p ¼ 
m6pg20 þm4pg21 þm2pg22 þ g23
m6pg1 þm4pg2 þm2pg4 þ g8
;p ¼ 1;2;3;4:Appendix CA1
DetðIÞ ¼ 
A2
DetðIIÞ ¼
A3
DetðIIIÞ ¼ 
A4
DetðIVÞ
¼ B1
DetðVÞ ¼ 
B2
DetðVIÞ ¼
B3
DetðVIIÞ ¼ 
B4
DetðVIIIÞ ;
cp ¼ cos nmpx3; sp ¼ sin nmpx3;p ¼ 1;2;3;4;
d1 ¼ c1m2s2  c2m1s1; d2 ¼ c1m3s3  c3m1s1; d3 ¼ c1m4s4  c4m1s1;
d4 ¼ c2m3s3  c3m2s2; d5 ¼ c2m4s4  c4m2s2; d6 ¼ c3m4s4  c4m3s3;
d7 ¼ c1m1s2  c2m2s1; d8 ¼ c1m1s3  c3m3s1; d9 ¼ c1m1s4  c4m4s1;
d10 ¼ c2m2s3  c3m3s2;d11 ¼ c2m2s4  c4m4s2;d12 ¼ c3m3s4  c4m4s3;
h1 ¼ m1m2c1c2s3s4ðP4n13  P3n14Þðn21n12  n11n22Þ;
h2 ¼ m1m3c1c3s2s4ðP2n14  P4n12Þðn21n13  n23n11Þ;
h3 ¼ m1m4c1c4s2s3ðP3n12  P2n13Þðn21n14  n24n11Þ;
h4 ¼ m2m3c2c3s1s4ðP4n11  P1n14Þðn22n13  n12n23Þ;
h5 ¼ m2m4c2c4s1s3ðP1n13  P3n11Þðn22n14  n24n12Þ;
h6 ¼ m3m4c3c4s1s2ðP2n11  P1n12Þðn23n14  n24n13Þ;
h7 ¼ m1m2s1s2c3c4ðP4n13  P3n14Þðn21n12  n11n22Þ;
h8 ¼ m1m3s1s3c2c4ðP2n14  P4n12Þðn21n13  n23n11Þ;
h9 ¼ m1m4s1s4c2c3ðP3n12  P2n13Þðn21n14  n24n11Þ;
h10 ¼ m2m3s2s3c1c4ðP4n11  P1n14Þðn22n13  n12n23Þ;
h11 ¼ m2m4s2s4c1c3ðP1n13  P3n11Þðn22n14  n24n12Þ;
h12 ¼ m3m4s3s4c1c2ðP2n11  P1n12Þðn23n14  n24n13Þ;
D1 ¼ h1 þ h2 þ h3 þ h4 þ h5 þ h6;D2 ¼ h7 þ h8 þ h9 þ h10 þ h11 þ h12;
DetðIÞ ¼ 8D1p2n6½n13n14n22m2s2d6  n12n14n23m3s3d5 þ n12n13n24m4s4d4;
DetðIIÞ ¼ 8D1p2n6½n13n14n21m1s1d6  n11n14n23m3s3d3 þ n11n13n24m4s4d2;
DetðIIIÞ ¼ 8D1p2n6½n12n14n21m1s1d5  n11n14n22m2s2d3 þ n11n12n24m4s4d1;
DetðIVÞ ¼ 8D1p2n6½n12n13n21m1s1d4  n11n13n22m2s2d2 þ n11n12n23m3s3d1
DetðVÞ ¼ 8D2p2n6½n13n14n22m2c2d12  n12n14n23m3c3d11 þ n12n13n24m4c4d10
DetðVIÞ ¼¼ 8D2p2n6½n13n14n21m1c1d12  n11n14n23m3c3d9 þ n11n13n24m4c4d8
DetðVIIÞ ¼ 8D2p2n6½n12n14n21m1c1d11  n11n14n22m2c2d9 þ n11n12n24m4c4d7
DetðVIIIÞ ¼ 8D2p2n6½n12n13n21m1c1d10  n11n13n22m2c2d8 þ n11n12n23m3c3d7
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